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The members of the permutation group Sn can be written as a product

of disjoint cycles. That is, the group members in one cycle are not found
in any other cycle. For example, one member of S5 could be (124)(35),
which means that 1 → 2 → 4 → 1 and 3 ↔ 5.

CYCLE STRUCTURES

We would like to know how many members of Sn have a given cycle
structure. A cycle structure is defined as the number of cycles of each given
length that make up a group member. By convention, the cycle structure
is written with the largest cycle length on the left, working towards the
smallest length on the right. For example, (124)(35) has a cycle structure
of 1 2-cycle and 1 3-cycle, with no cycles of lengths 1, 4 or 5. (The identity
member corresponds to all cycles being of length 1.) How many members
in Sn are there for a given cycle structure?

First we’ll define some notation. For a member in Sn, we have ni cycles
of length i. Since the cycles are disjoint, we must have

n

∑
i=1

ni = n (1)

That is, if we add up the sizes of all the cycles, we must get the total number
n of elements being permuted.

Now consider a specific example, say a member of S7 with cycle struc-
ture {ni} = {0,2,1,0,0,0,0}. That is, there are two 2-cycles, one 3-cycle
and no cycles of other lengths. To count the number of members with this
cycle, we assign elements to each cycle in order. The cycle structure is
(abc)(de)(fg). There are 7 choices for a, 6 for b and so on, so there are
7! ways of assigning the elements. This is no surprise, since this is just the
total number of members of S7. But consider the 2-cycles. In each 2-cycle,
we can cyclically permute the elements without changing the permutation,
that is, we can reorder the 2-cycle 2 ways without changing anything. Thus
we must divide by 2 for each 2-cycle in the structure.
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Cycle structure {ni} N
(a)(b)(c)(d)(e) {5,0,0,0,0} 1
(ab)(c)(d)(e) {3,1,0,0,0} 10
(ab)(cd)(e) {1,2,0,0,0} 15
(abc)(d)(e) {2,0,1,0,0} 20
(abc)(de) {0,1,1,0,0} 20
(abcd)(e) {1,0,0,1,0} 30
(abcde) {0,0,0,0,1} 24

Total 120 = 5!
TABLE 1. Cycle structures for S5.

The same argument applies to the 3-cycle: we can cyclically permute its
3 elements in 3 different ways, so we must divide by 3. In general, if a
structure contains ni i-cycles, we must divide by ini .

However, since the two 2-cycles are disjoint, they commute, so it doesn’t
matter if we write (de)(fg) or (fg)(de) so we need to divide by a factor of
2!. In general, the ni cycles of length i can be ordered in ni! ways without
changing the cycle structure, so we need to divide by a factor of ni! for
each cycle length. Note that, because a cycle structure is defined so that
the cycles are arranged in decreasing order from left to right, we cannot
permute cycles of different lengths. For the S7 example above, we don’t
consider (de)(abc)(fg) to be a valid cycle structure.

Putting it all together, we have for the number N group elements with a
cycle structure {ni}

N ({ni}) =
n!

∏
n
i=1 i

nini!
(2)

Example 1. For the group S5, we have the possible cycle structures and
their populations from 2 as shown in Table 1. The total number of structures
is 120 = 5! which verifies the counts.

For example, the count for the structure (abc)(d)(e) is

N ({2,0,1,0,0}) = 5!
(122!)(311!)

=
120
6

= 20 (3)

PARTITIONS OF INTEGERS

A cycle structure corresponds to a partition of the integer n. A partition
of an integer n is a collection of integers that adds up to n.

Example 2. For n= 5 we have the partitions in Table 2.
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Cycle structure Partition
(a)(b)(c)(d)(e) 1+1+1+1+1
(ab)(c)(d)(e) 2+1+1+1
(ab)(cd)(e) 2+2+1
(abc)(d)(e) 3+1+1
(abc)(de) 3+2
(abcd)(e) 4+1
(abcde) 5

TABLE 2. Partitions of n= 5.
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